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The K-essence Emergent f(R¯, L(X))−Gravity and Energy Conditions
Goutam Manna∗ and Aninda Karmakar†
Department of Physics, Prabhat Kumar College, Contai, Purba Medinipur-721404, India
We develop a robust and general formalism on f(R¯, L(X))−gravity in the context of the K-
essence emergent geometry where R¯ is the Ricci scalar of this geometry, L(X), the Dirac-Born-Infeld
(DBI) type non-canonical Lagrangian with X = 1
2
gµν∇µφ∇νφ, φ being the K-essence scalar field.
The emergent gravity metric G¯µν is not conformally equivalent to the gravitational metric gµν .
We construct the modified field equation by the metric formalism in f(R¯, L(X))−gravity and also
the Friedmann equations under the framework of the background gravitational metric considered
as Friedman-Lemaitre-Robertson-Walker (FLRW) type. We highlight the corresponding energy
conditions and constraints of the f(R¯, L(X)) theory with some basic examples, which are also the
interesting outcomes of the work..
PACS numbers: 04.20.-q, 04.50.-h, 04.50.Kd
I. INTRODUCTION
Weyl in 1919 [1] and Eddington in 1923 [2] initiated
to incorporate modification in the Einstein’s theory by
including higher-order invariants in its action. General
relativity (GR) is not renormalizable and, therefore, can
not be conventionally quantized. In 1962, Utiyama and
De Witt [3] showed that renormalization at one loop de-
mands that the Einstein-Hilbert action can be supple-
mented by higher-order curvature terms and made renor-
malizable. More recent results that when quantum cor-
rections or string theory are taken into account, the effec-
tive low energy gravitational action admits higher-order
curvature invariants [4]. Such consideration has stim-
ulated the scientific community in applied higher-order
theories of gravity as an attempt to modify the Einstein-
Hilbert action. The natural consequence is to include
higher-order curvature invariants concerning Ricci scalar.
Corrections to GR are considered to be important only
at scales close to Plank scale and, consequently, in the
early universe or near the black hole singularities such
as curvature-driven inflation scenario [5]. In [6, 7], the
authors have significantly contributed to the modified
theory of gravity i.e., the f(R) theory of gravity in all
respects. Dunsby et. al. [8] have reconstructed of
f(R) gravity from the background Friedman-Lemaitre-
Robertson-Walker (FLRW) expansion history. In par-
ticular, they have found that the only real-valued La-
grangian f(R) that can mimic an exact ΛCDM expan-
sion history for a universe filled with dustlike matter is
the Einstein-Hilbert Lagrangian with positive cosmolog-
ical constant. Mukherjee and Banerjee [9] have estab-
lished a general formalism for the investigation of the
late time dynamics of the universe for any analytic f(R)
gravity model, along with a cold dark matter. The role
of energy conditions in f(R) gravity in diverse scenario
of cosmology has been discussed in [10–14]. The gener-
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alization of the f(R) gravity has been framed by Harko
et. al. [15] where they assumed the gravitational La-
grangian is an arbitrary function of the Ricci scalar (R)
and the matter Lagrangian (Lm). They have obtained
the gravitational field equations of f(R,Lm) gravity in
the metric formalism, as well as the equations of motion
for test particles. Also, Wang et. al. [16] have developed
the general energy conditions of the f(R,Lm) gravity.
Based on the Dirac-Born-Infeld (DBI) model [17–19],
Manna et. al. [20–22] have developed the simplest form
of K-essence emergent gravity metric G¯µν which is not
conformally equivalent to the usual gravitational metric
gµν . The K-essence model [23–29] is a scalar field model
where the kinetic energy of the field dominates over the
potential energy of the field. The theoretical form of the
K-essence field Lagrangian is non-canonical and it does
not depend explicitly on the field itself. The differences
between the K-essence theory with non-canonical kinetic
terms and the relativistic field theories with canonical
kinetic terms lie in the non-trivial dynamical solutions
of the K-essence equation of motion, which not only
spontaneously break Lorentz invariance but change the
metric also for the perturbations around these solutions.
Thus the perturbations propagate in the so-called emer-
gent or analogue curved spacetime with the metric. The
general form of the Lagrangian for K-essence model is:
L = −V (φ)F (X) where φ is the K-essence scalar field
and X = 12g
µν∇µφ∇νφ. Nojiri et. al. [30] have studied
a modified version of f(R) gravity in which higher order
kinetic terms of a scalar field are added in the action of
vacuum f(R) gravity. Basically, in the form of action,
they add a general class of the K-essence Lagrangian
G(X) with the vacuum f(R) gravity Lagrangian. They
have investigated the inflationary aspects of their theory
in the context of slow-roll approximation.
In this paper, we develop the f(R¯, L(X)) theory by
metric formalism in the context of the K-essence emer-
gent gravity, where L(X) is the DBI type non-canonical
Lagrangian and R¯ is the Ricci scalar of the K-essence ge-
ometry. Also, we have established the energy conditions
and modified Friedman equations in f(R¯, L(X)) gravity
where we consider the FLRW type metric as the back-
2ground gravitational metric.
The paper is organized as follows: In section-2, we fol-
low [6, 7, 15, 16] to briefly review the modified field equa-
tions of f(R) and f(R,Lm) gravity. The energy condi-
tions [10–14, 16, 37] in General Relativity with f(R) and
f(R,Lm) gravity have been discussed briefly in the sub-
sequent section-3. In section-4, we have briefly discussed
about the K-essence emergent geometry with the help of
[20–27]. In section -5, we formulate the f(R¯, L(X)) grav-
ity in the context of the K-essence emergent geometry.
We derive the modified field equations and the condition
for the requirement of the conservation of the energy-
momentum tensor in the f(R¯, L(X)) gravity. Also, in
section-6, we derive the modified Friedmann equations
where we consider the background gravitational metric to
be flat FLRW and theK-essence scalar field as a function
of time only. In section-7, we develop the energy condi-
tions and constraints of the f(R¯, L(X)) gravity with some
examples. The last section is our Conclusion of this work.
II. BRIEF REVIEW OF f(R) AND
f(R,Lm)-GRAVITY
Here, we narrate a brief description of the f(R) and
f(R,Lm) gravity where R is the Ricci scalar with respect
to the gravitational metric gµν and Lm is the matter
Lagrangian. The total action for the f(R) gravity is [6, 7]
S =
1
2κ
∫
d4x
√−gf(R) + SM (gµν , ψ) (1)
where SM is matter term, ψ denotes the matter fields,
κ = 8piG, G is the gravitational constant, g is the deter-
minant of the gravitational metric, and R (= gµνRµν) is
the Ricci scalar. Variation with respect to the gravita-
tional metric gives the modified field equation as
f ′(R)Rµν − 1
2
f(R)gµν − [∇µ∇ν − gµν]f ′(R) = κTµν
(2)
with
Tµν =
−2√−g
δSM
δgµν
(3)
where f ′(R) = ∂f(R)∂R , ∇µ is covariant derivative with
respect to the gravitational metric and  ≡ ∇µ∇µ.
On the other hand, the action for the f(R,Lm) gravity
is [15, 16]
S =
1
2κ
∫
d4x
√−gf(R,Lm) (4)
where f(R,Lm) is an arbitrary function of the Ricci
scalar R, and of the Lagrangian density corresponding
to matter Lm. The energy-momentum tensor is
Tµν =
−2√−g
δ(
√−gLm)
δgµν
= −2∂Lm
∂gµν
+ gµνLm (5)
where the Lagrangian density Lm is only matter depen-
dent on the metric tensor components gµν . The modified
field equations of the f(R,Lm) gravity model is
fR(R,Lm)Rµν + (gµν−∇µ∇ν)fR(R,Lm)
−1
2
[f(R,Lm)− LmfLm(R,Lm)]gµν =
1
2
fLm(R,Lm)Tµν
(6)
where fR(R,Lm) = ∂f(R,Lm)/∂R and fLm(R,Lm) =
∂f(R,Lm)/∂Lm. If f(R,Lm) = R/2 + Lm, then the
above equation (6) reduces to the usual field equation
Rµν − (1/2)gµνR = κTµν .
III. BRIEF REVIEW OF ENERGY
CONDITIONS IN GENERAL RELATIVITY
Following [10–14, 16, 37], much of the techniques we
will use to derive the energy conditions for modified
(f(R), f(R,Lm), etc.) theories can be borrowed from
the approach to the Null Energy Condition (NEC) and
Strong Energy Condition (SEC) in the context of GR.
The origin of these energy conditions is the Raychaudhuri
equation along with the requirement of ’attractive’ grav-
ity. Let uµ be the tangent vector field to a congruence of
timelike geodesics in a spacetime manifold endowed with
a metric gµν . Therefore the Raychaudhuri equation [36]
is
dθ
dτ
= −1
3
θ2 − σµνσµν + ωµνωµν −Rµνuµuν (7)
where Rµν is the Ricci tensor corresponding to the metric
gµν , and θ, σµν , and ωµν are the expansion, shear, and
rotation associated with the congruence, respectively.
While in the case of a congruence of null geodesics de-
fined by the vector field kµ, the Raychaudhuri equation
[36] is given by
dθ
dτ
= −1
2
θ2 − σµνσµν + ωµνωµν −Rµνkµkν (8)
These equations are purely geometric statement, and
as such it makes no reference to any gravitational field
equations. However, since the GR field equations relate
Rµν to the energy-momentum tensor Tµν , the combi-
nation of Einstein and Raychaudhuri equations can be
used to restrict energy-momentum tensors on physical
ground. Indeed, the shear is a spatial tensor one has
σ2 ≡ σµνσµν ≥ 0. Thus it is clear from Raychaudhuri
equation for any hypersurface orthogonal congruences
(ωµν ≡ 0) the condition for attractive gravity (conver-
gence of timelike geodesics or geodesic focusing) reduces
to (Rµνu
µuν ≥ 0), which by virtue of Einsteins equation
implies
Rµνu
µuν = (Tµν − T
2
gµν)u
µuν ≥ 0 (9)
where T is trace of the energy momentum tensor Tµν
(κ = 1). Equation (9) is nothing but the SEC stated in a
3coordinate-invariant way in terms of Tµν and vector fields
of fixed (timelike) character. Thus, in the context of GR,
the SEC encodes the fact that the gravity is attractive.
In particular, for a perfect fluid of density ρ and pressure
p
Tµν = (ρ+ p)uµuν − pgµν (10)
and the restriction given by Eq. (9) takes the familiar
form for the SEC, i.e., ρ+ 3p ≥ 0.
On the other hand, the condition for the convergence
(geodesic focusing) of hypersurface orthogonal (ωµν ≡
0) congruences of null geodesics along with Einsteinss
equation implies
Rµνk
µkν = Tµνk
µkν ≥ 0 (11)
which is the condition for NEC written in a coordinate-
invariant way. Thus, in GR the NEC ultimately encodes
the null geodesic focusing due to the gravitational attrac-
tion. For the energy-momentum tensor of a perfect fluid
(10) the above condition (11) reduces to the well-known
form of the NEC, i.e., ρ+ p ≥ 0.
The Weak Energy Condition (WEC) states that
Tµνu
µuν ≥ 0 for all timelike vectors uµ, or equivalently
for perfect fluid it is ρ > 0 and ρ+ p > 0. The Dominant
Energy Condition (DEC) includes the WEC as well as
the additional requirement that Tµνu
µ is a nonspacelike
vector i.e., TµνT
ν
λu
µuλ ≤ 0. For a perfect fluid, these
conditions together are equivalent to the simple require-
ment that ρ ≥ |p|, the energy density must be nonnega-
tive, and greater than or equal to the magnitude of the
pressure.
In f(R)-gravity[10, 11], the energy conditions for per-
fect fluid are given by
SEC : ρ+ 3p− f +Rf ′ + 3(R¨+ R˙H)f ′′ + 3R˙2f ′′′ ≥ 0,
NEC : ρ+ p+ (R¨− R˙H)f ′′ + R˙2f ′′′ ≥ 0,
WEC : ρ+
1
2
(f −Rf ′)− 3R˙Hf ′′ ≥ 0,
DEC : ρ− p+ f −Rf ′ − (R¨ + 5R˙H)f ′′ − R˙2f ′′′ ≥ 0
(12)
where f ′ = ∂f(R)∂R .
In f(R,Lm)-gravity[16], the energy conditions are
SEC : ρ+ 3p− 2
fLm
[f −Rf ′]
+
6
fLm
[R˙2f ′′′ + R¨f ′′ +HR˙f ′′]− 2Lm ≥ 0.
NEC : ρ+ p+
2
fLm
[R˙2f ′′′ + R¨f ′′] ≥ 0,
WEC : ρ+
1
fLm
[f −Rf ′]− 6
fLm
HR˙f ′′ + Lm ≥ 0,
DEC : ρ− p+ 2
fLm
[f −Rf ′]
− 2
fLm
[R˙2f ′′′ + R¨f ′′ + 6HR˙f ′′] + 2Lm ≥ 0 (13)
where f ′ = ∂f(R,Lm)∂R .
IV. BRIEF REVIEW OF K-ESSENCE THEORY
In this section, we discuss a brief description of the
development of construction of the effective metric for
the emergent spacetime corresponding to a general back-
ground geometry and a very general K-essence scalar
field sector. The K-essence scalar field φ minimally cou-
pled to the background spacetime metric gµν has action
[23]-[27]
Sk[φ, gµν ] =
∫
d4x
√−gL(X,φ) (14)
where X = 12g
µν∇µφ∇νφ is the canonical kinetic term.
The energy-momentum tensor is
Tµν ≡ −2√−g
δSk
δgµν
= −2 ∂L
∂gµν
+ gµνL = −LX∇µφ∇νφ+ gµνL
(15)
LX =
dL
dX , LXX =
d2L
dX2 , Lφ =
dL
dφ and ∇µ is the covari-
ant derivative defined with respect to the gravitational
metric gµν . The scalar field equation of motion is
− 1√−g
δSk
δφ
= Gµν∇µ∇νφ+ 2XLXφ − Lφ = 0 (16)
where
Gµν ≡ cs
L2X
[LXg
µν + LXX∇µφ∇νφ] (17)
with 1 + 2XLXXLX > 0 and c
2
s(X,φ) ≡ (1 + 2X LXXLX )−1.
The inverse metric of Gµν takes the form
Gµν =
LX
cs
[gµν − c2s
LXX
LX
∇µφ∇νφ]. (18)
A further conformal transformation [20, 21] G¯µν ≡
cs
LX
Gµν gives
G¯µν = gµν − LXX
LX + 2XLXX
∇µφ∇νφ (19)
Using equation (15), the effective emergent metrics (19)
can be written as [25, 26]
G¯µν =
(
1− LLXX
LX(LX + 2XLXX)
)
gµν
+
LXX
LX(LX + 2XLXX)
Tµν (20)
Here one must always have LX 6= 0 for c2s to be posi-
tive definite and only then equations (14)− (17) will be
physically meaningful.
It is clear that, for non-trivial spacetime configurations
of φ, the emergent metric G¯µν is, in general, not confor-
mally equivalent to gµν . So φ has the properties different
from canonical scalar fields with the local causal struc-
ture distinct from those defined with gµν . Further, if L
4is not an explicit function of φ, the equation of motion
(16) reduces to;
− 1√−g
δSk
δφ
= G¯µν∇µ∇νφ = 0 (21)
We shall take the Lagrangian as L = L(X) = 1 −
V
√
1− 2X with V is a constant. This is a particular
case of the Dirac-Born-Infeld (DBI) Lagrangian [17–22]
L(X,φ) = 1− V (φ)
√
1− 2X (22)
for V (φ) = V = constant and kinetic energy of φ >>
V i.e.(φ˙)2 >> V . This is typical for the K-essence fields
where the kinetic energy dominates over the potential
energy. Then c2s(X,φ) = 1−2X . Thus effective emergent
metric (19) becomes
G¯µν = gµν −∇µφ∇νφ = gµν − ∂µφ∂νφ (23)
since φ is a scalar. Using equation (15), this can also be
written interms of Tµν and ∇µφ, (23) as
G¯µνL = LX∇µφ∇νφ+ Tµν − L∇µφ∇νφ (24)
Following [20, 31] the new Christoffel symbols can be
related to the old ones by
Γ¯αµν = Γ
α
µν + (1− 2X)−1/2G¯αγ [G¯µγ∂ν(1− 2X)1/2
+ G¯νγ∂µ(1 − 2X)1/2 − G¯µν∂γ(1 − 2X)1/2]
= Γαµν −
1
2(1− 2X) [δ
α
µ∂νX + δ
α
µ∂νX ] (25)
The geodesic equation for the K-essence theory in
terms of the new Christoffel connections Γ¯ now becomes
d2xα
dλ2
+ Γ¯αµν
dxµ
dλ
dxν
dλ
= 0 (26)
where λ is an affine parameter.
Now we introduces the covariant derivative Dµ [25, 26]
associated with the emergent metric G¯µν (DαG¯
αβ = 0)
as
DµAν = ∂µAν − Γ¯λµνAλ (27)
and the inverse emergent metric is G¯µν such as
G¯µλG¯
λν = δνµ.
Therefore, the “emergent” Einstein’s equation is
E¯µν = R¯µν − 1
2
G¯µνR¯ = κTµν (28)
where κ = 8piG is constant, R¯µν is Ricci tensor and R¯ (=
R¯µνG¯
µν) is the Ricci scalar of the emergent spacetime.
V. f(R¯, L(X)) GRAVITY IN THE CONTEXT OF
K-ESSENCE EMERGENT SPACETIME
We consider the action of the modified gravity in the
context of the K-essence emergent spacetime takes the
following form (κ = 1)
S =
∫
d4x
√
−G¯ f(R¯, L(X)) (29)
where f(R¯, L(X)) is an arbitrary function of the Ricci
scalar R¯ and the non-canonical lagrangian density L(X)
corresponding to the K-essence theory, and
√
−G¯ =
√
−det(G¯µν).
Based on [15], varing the action S with respect to the
K-essence emergent gravity metric G¯µν we obtain
δS =
∫
[fR¯(R¯, L)δR¯+ fL(R¯, L)
δL
δG¯µν
δG¯µν
−1
2
G¯µνf(R¯, L)δG¯
µν ]×
√
−G¯ d4x ‘ (30)
where we have denoted fR¯(R¯, L) =
∂f(R¯,L)
∂R¯
and fL(R¯, L) =
∂f(R¯,L)
∂L . Now we obtain
the variation of the Ricci scalar for the K-essence
emergent gravity metric
δR¯ = δ(R¯µνG¯
µν) = δR¯µνG¯
µν + R¯µνδG¯
µν
= R¯µνδG¯
µν + G¯µν(DλδΓ¯
λ
µν −DνδΓ¯λµλ) (31)
where
R¯µν = ∂µΓ¯
α
αν − ∂αΓ¯αµν + Γ¯αβµΓ¯βαν − Γ¯ααβΓ¯βµν , (32)
Γ¯αµν =
1
2
G¯αβ [∂µG¯βν + ∂νG¯µβ − ∂βG¯µν ] (33)
and the variation of δΓ¯λµν is
δΓ¯λµν =
1
2
G¯λα[DµδG¯να +DνδG¯µα −DαδG¯µν ]. (34)
Thus, the expression for the variation of Ricci scalar δR¯
is
δR¯ = R¯µνδG¯
µν + G¯µνDαD
αδG¯µν −DµDνδG¯µν (35)
Therefore, variation of the action (30) is
δS =
∫
[fR¯(R¯, L)R¯µνδG¯
µν + fR¯(R¯, L)G¯µνDαD
αδG¯µν
−fR¯(R¯, L)DµDνδG¯µν + fL(R¯, L)
δL
δG¯µν
δG¯µν
−1
2
G¯µνf(R¯, L)δG¯
µν ]
√
−G¯d4x (36)
After partially integrating second and third terms of
the above equation (36), we get
δS =
∫
[fR¯(R¯, L)R¯µν + G¯µνDµD
µfR¯(R¯, L)
−DµDνfR¯(R¯, L) + fL(R¯, L)
δL
δG¯µν
−1
2
G¯µνf(R¯, L)]δG¯
µν
√
−G¯d4x. (37)
5Therefore, using principle of least action, δS = 0, we
have the modified field equation for f(R¯, L(X)) theory
fR¯(R¯, L)R¯µν + G¯µνDαD
αfR¯(R¯, L)
−DµDνfR¯(R¯, L)−
1
2
G¯µνf(R¯, L)
+fL(R¯, L)
δL
δG¯µν
= 0. (38)
Now we evaluate the term δL
δG¯µν
as:
δL
δG¯µν
=
δL
δX
δX
δgµν
δgµν
δG¯µν
=
1
2
LXDµφDνφ(1 +DαφD
αφ)
(39)
since for the scalar field: ∇µφ ≡ ∂µφ ≡ Dµφ.
Using equations (24), (39) and (38), we have the ex-
pression for modified field equation for the f(R¯, L(X))
theory interms of Tµν as:
fR¯(R¯, L)R¯µν +
(
G¯µν¯−DµDν
)
fR¯(R¯, L)−
1
2
[
f(R¯, L)− LfL(R¯, L)(1 +DαφDαφ)
]
G¯µν
+
1
2
LfL(R¯, L)DµφDνφ [1 +DαφD
αφ] =
1
2
fL(R¯, L)Tµν [1 +DαφD
αφ] =
1
2
fL(R¯, L)T¯µν (40)
where ¯ = DµD
µ and T¯µν = Tµν [1 +DαφD
αφ]. The
above equation (40) is different from the usual f(R,Lm)
(6) theory in the presence of the K-essence scalar field.
If we consider the emergent gravity metric G¯µν is confor-
mally equivalent to the gravitational metric gµν and L can
be usual matter Lagrangian then we get back to the usual
f(R,Lm) theory in the absence of the K-essence scalar
field. Also, if we consider f(R¯, L(X)) ≡ f(R,Lm) ≡
1
2R+Lm i.e., the Hilbert-Einstein Lagrangian form, then
from (40), we lead to the standard Einstein field equation
Rµν − 12gµνR = Tµν .
Contracting the above field equation (40) with G¯µν ,
we have the modified trace equation for the f(R¯, L(X))
theory is
fR¯(R¯, L)R¯+ 3¯fR¯(R¯, L)− 2[f(R¯, L)− fL(R¯, L)L(1 +DαφDαφ)] +
1
2
LfL(R¯, L)DµφD
µφ[1 +DαφD
αφ]
=
1
2
fL(R¯, L)T¯ (41)
where T¯ = T¯ µµ is trace of the energy-momentum tensor.
Now we subtract the equation (41)× G¯µν from equation
(40)× 3, we get
fR¯(R¯, L)(R¯µν −
1
3
G¯µνR¯) +
1
6
G¯µν [f(R¯, L)− LfL(R¯, L)(1 +DαφDαφ)] + 1
3
LfL(R¯, L)DµφDνφ[1 +DαφD
αφ]
=
1
2
fL(R¯, L)(T¯µν − 1
3
G¯µν T¯ ) +DµDνfR¯(R¯, L) (42)
which is another form of the modified field equation in
the presence of K-essence scalar field φ.
By taking covariant divergence with respect to Dµ of
equation (40), we have
6Dµ[fR¯(R¯, L)]R¯µν − (¯Dν −Dν¯)fR¯(R¯, L) + fR¯(R¯, L)Dµ(R¯µν −
1
2
G¯µνR¯) +
1
2
G¯µνfR¯(R¯, L)D
µ(R¯)
−1
2
Dµ[f(R¯, L)]G¯µν +
1
2
Dµ[LfL(R¯, L)(1 +DαφD
αφ)]G¯µν +
1
2
Dµ[LfL(R¯, L)DµφDνφ(1 +DαφD
αφ)]
=
1
2
Dµ[fL(R¯, L)T¯µν ] (43)
Using the identities on purely geometrical grounds
[32–34] Dµ(R¯µν − 12 G¯µνR¯) = DµE¯µν = 0,
Dµ[fR¯(R¯, L)]R¯µν = (¯Dν −Dν¯)fR¯(R¯, L), using equa-
tions (24) and (39), the above equation (43) become
Dµ[fL(R¯, L)T¯µν ] = −fL(R¯, L)Dµ[G¯µνL] +Dµ
[
LfL(R¯, L)(1 +DαφD
αφ)(G¯µν +DµφDνφ)
]
⇒ DµT¯µν = Dµ ln[fL(R¯, L)] [LXDµφDνφ(1 +DαφDαφ)] +Dµ
[
LDµφDνφ(1 +DαφD
αφ) + LG¯µνDαφD
αφ
]
⇒ DµT¯µν = 2Dµ ln[fL(R¯, L)] δL
δG¯µν
+Dµ
[
LDµφDνφ(1 +DαφD
αφ) + LG¯µνDαφD
αφ
]
. (44)
Thus, the requirement of the conservation of the energy-
momentum tensor (DµT¯µν = 0) for the K-essence La-
grangian, gives an effective functional relation as
2Dµ ln[fL(R¯, L)]
δL
δG¯µν
+Dµ[LDµφDνφ(1 +DαφD
αφ)
+LG¯µνDαφD
αφ)] = 0. (45)
VI. MODIFICATION OF FRIEDMAN
EQUATIONS
We consider the gravitational metric gµν to be a flat
Friedman-Lemaitre-Robertson-Walker (FLRW) metric,
the line element is
ds2 = dt2 − a2(t)
3∑
i=1
(dxi)2 (46)
with a(t) is the scale factor as usual. From (23), we have
the components of the emergent gravity metric are
G¯00 = (1− φ˙2) ; G¯ii = −(a2(t) + (φ
′
)2) ;
G¯0i = −φ˙φ
′
= G¯i0 (47)
where we consider φ ≡ φ(t, xi), φ˙ = ∂φ∂t and φ
′
= ∂φ∂xi . So
the line element of the FLRW emergent gravity metric is
dS2 = (1− φ˙2)dt2 − [a2(t) + (φ′ )2]
3∑
i=1
(dxi)2
−2φ˙φ′dtdxi. (48)
Now from the emergent gravity equation of motion (21)
we have
G¯00(∂0∂0φ− Γ000∂0φ− Γi00∂iφ) + G¯ii(∂i∂iφ− Γ0ii∂0φ
−Γiii∂iφ) + G¯0i(∂0∂iφ− Γ00i∂0φ− Γioi∂iφ)
+G¯i0(∂i∂0φ− Γ0i0∂0φ− Γii0∂iφ) = 0. (49)
For simplification, we consider the homogeneous K-
essence scalar field φ i.e., φ(t, xi) ≡ φ(t) then G¯0i =
G¯i0 = 0 = ∂iφ and G¯ii = −a2(t). This consideration
is possible in this case since the dynamical solutions of
the K-essence scalar fields spontaneously break Lorentz
symmetry. Therefore, the flat FLRW emergent gravity
line element (48) and the equation of motion (49) become
dS2 = (1− φ˙2)dt2 − a2(t)
3∑
i=1
(dxi)2 (50)
and
a˙
a
= H(t) = − φ¨
φ˙(1− φ˙2) (51)
where H(t) = a˙a the usual Hubble parameter (always
a˙ 6= 0). The equation (51) gives the relation between
Hubble parameter and the time derivatves of the K-
essence scalar field. Note that in the above spacetime
(50) always φ˙2 < 1. If φ˙2 > 1, the signature of this space-
time will be ill-defined. Also φ˙2 6= 0 condition holds good
instead of φ˙2 = 0, which leads to non-applicability of the
K-essence theory.
The Ricci tensors and Ricci scalar of the emergent
gravity spacetime are
R¯ii = − a
2
1− φ˙2
[
a¨
a
+ 2
(
a˙
a
)2
+
a˙
a
φ˙φ¨
1− φ˙2
]
= − a
2
1− φ˙2
[
a¨
a
+
(
a˙
a
)2
(2 − φ˙2)
]
= − a
2
1− φ˙2
[
H˙ +H2(3− φ˙2)
]
; (52)
7R¯00 = 3
a¨
a
+ 3
a˙
a
φ˙φ¨
1− φ˙2 = 3
a¨
a
+ 3
(
a˙
a
)2
φ˙2
= 3
[
H˙ +H2(1− φ˙2)
]
(53)
and
R¯ =
6
1− φ˙2
[
a¨
a
+
(
a˙
a
)2
+
a˙
a
φ˙φ¨
1− φ˙2
]
=
6
1− φ˙2
[
a¨
a
+
(
a˙
a
)2
(1− φ˙2)
]
=
6
1− φ˙2
[
H˙ +H2(2 − φ˙2)
]
(54)
where we have used the relation (51) and H˙ ≡ ∂H∂t =
aa¨−a˙2
a2 . Combining the equations (52) and (53) with (54),
we get
R¯00 =
1
2
(1− φ˙2)R¯− 3H2 (55)
R¯ii = − a
2
(1− φ˙2)
[
1
6
R¯(1− φ˙2) +H2
]
(56)
We assume that the energy-momentum tensor is an
ideal fluid type which is
T νµ = diag(ρ,−p,−p,−p) = (ρ+ p)uµuν − δνµp
Tµν = G¯µαT
α
ν (57)
where p is pressure and ρ is the matter density of the
cosmic fluid. In the co-moving frame we have u0 = 1
and uα = 0 ; α = 1, 2, 3 in the K-essence emergent grav-
ity spacetime. Now the question is this type of energy-
momentum tensor is valid or not as assuming a perfect
fluid model when the kinetic energy (φ˙2) of the K-essence
scalar filed is present. The answer is yes since our La-
grangian is L(X) = 1− V√1− 2X, where V (<< φ˙2) is
a constant, does not depend explicitly on φ. This class
of models is equivalent to perfect fluid models with zero
vorticity and the pressure (Lagrangian) can be expressed
through the energy density only [26, 35].
Now we evaluate the ii and 00 components of the
modified field equation (40) using (57) and considering
φ ≡ φ(t) only:
FR¯ii + (G¯ii¯−DiDi)F − 1
2
[f − LfL(1 + φ˙2)]G¯ii
=
1
2
fLa
2(t)p¯ (58)
and
FR¯00 + (G¯00¯−D0D0)F − 1
2
[f − LfL(1 + φ˙2)]G¯00
+
1
2
LfLφ˙
2(1 + φ˙2) =
1
2
fL(1− φ˙2)ρ¯ (59)
with F = fR¯(R¯, L) ≡ ∂f(R¯,L)∂R¯ , p¯ = p(1 + φ˙2) and ρ¯ =
ρ(1 + φ˙2).
Now we calculate the terms G¯00¯F and G¯ii¯F , us-
ing the determinant of the flat FLRW emergent gravity
metric
√
−G¯ = a3
√
1− φ˙2 and the relation (51):
G¯00¯F = F¨ + 3
a˙
a
F˙ + F˙
φ˙φ¨
(1− φ˙2) = F¨ +HF˙ (3− φ˙
2) (60)
and
G¯ii¯F = DiDiF − a
2
(1− φ˙2)
[
F¨ + 2HF˙ (1 − φ˙2)
]
(61)
where we have used (∂it)
2 = a
2
1−φ˙2
for flat FLRW emer-
gent gravity metric.
Now substitute the equations (55) and (60) in the
above equation (59), we have the first modified Fried-
mann equation
3H2 =
1
F
[
−1
2
ρ¯fL(1 − φ˙2) + 3HF˙ + (1− φ˙2)1
2
(FR¯ − f) + 1
2
LfL(1 + φ˙
2)
]
=
1
F
[
−1
2
ρ¯fL(1 − φ˙2) + 3H ˙¯RFR¯ + 3HFLLXX˙ + (1− φ˙2)
1
2
(FR¯− f) + 1
2
LfL(1 + φ˙
2)
]
(62)
and also substitute equations (52), (54) and (62) in the
ii-components equation (58) and rearranging we get the
second modified Friedman equation for the flat FLRW
K-essence emergent gravity spacetime under f(R¯, L(X))
theory.
82H˙ +H2(3− 2φ˙2) = 1
F
[
1
2
p¯fL(1 − φ˙2) + F¨ + 2HF˙ (1− φ˙2)− 1
2
(1− φ˙2)(f − R¯F ) + 1
2
LfL(1− φ˙2)(1 + φ˙2)
]
=
1
F
[
1
2
p¯fL(1 − φ˙2) + ¨¯RFR¯ + ( ˙¯R)2FR¯R¯ + 2H ˙¯RFR¯(1− φ˙2)−
1
2
(1− φ˙2)(f − R¯F ) + 1
2
LfL(1 − φ˙2)(1 + φ˙2)
]
+
1
F
[
2H(1− φ˙2)FLLXX˙ + FLL(LXX˙)2 + FLLXX(X˙)2 + FLLXX¨
]
(63)
where since the Lagrangian (L) of theK-essence theory is
function of X(= 12g
µν∇µφ∇νφ), therefore, we can write
F˙ = FR¯
˙¯R+ FLLXX˙ and F¨ = FR¯
¨¯R+ ( ˙¯R)2FR¯R¯
+FLL(LXX˙)
2 + FLLXX(X˙)
2 + FLLXX¨. (64)
The above Friedmann equations in the presence of the
kinetic energy of the K-essence scalar field are differ-
ent from the usual f(R) gravity model. Note that if we
consider f(R¯, L(X)) ≡ f(R) and G¯µν ≡ gµν then the
above modified Friedmann equations (62) and (63) re-
duces to the usual Friedmann equations of f(R) gravity
with κ = 1 and Tµν replaced by
1
2Tµν [6, 7] as
3H2 =
1
F
[
−ρ
2
+
RF − f
2
− 3HR˙FR] (65)
and
2H˙ + 3H2 =
1
F
[
p
2
+ (R˙)2FRR + 2HR˙FR
+R¨FR − f −RF
2
]. (66)
VII. ENERGY CONDITIONS IN
f(R¯, L(X))−GRAVITY
With the help of the modfied field equation (40) for
f(R¯, L(X)) theory, the emergent Einstein’s equation (28)
can be written as (κ = 1)
R¯µν − 1
2
G¯µνR¯ = T
eff
µν (67)
where
T effµν =
1
F
[
1
2
fLT¯µν − 1
2
R¯F G¯µν − (G¯µν¯−DµDν)F
+
1
2
G¯µν(f − LfL(1 +DαφDαφ))
−1
2
LfLDµφDνφ(1 +DαφD
αφ)]
=
1
F
[
1
2
fLT¯µν +
1
2
G¯µν(f − FR¯)− (G¯µν¯−DµDν)F
−1
2
LfLG¯µν(1 +DµφD
µφ)2] (68)
with F = fR¯ =
∂f(R¯,L(X))
∂R¯
. The trace of the effective
energy momentum tensor (68) is
T eff =
1
F
[
1
2
fLT¯ + 2(f − FR¯)− 3¯F
−2LfL(1 +DµφDµφ)2]. (69)
Now from (66), we have the emergent Ricci tensor in-
terms of the effective energy momentum tensor as
R¯µν = T
eff
µν −
1
2
G¯µνT
eff . (70)
Let u¯µ be the tangent vector field to a congruence of
timelike geodesics in the K-essence emergent spacetime
manifold endowed with the metric G¯µν (G¯µν u¯
µu¯ν = 1),
then the SEC (9) in f(R¯, L(X)) modified gravity can be
expressed as
R¯µν u¯
µu¯ν = (T effµν u¯
µu¯ν − 1
2
T eff ) ≥ 0. (71)
On the other hand, if we consider k¯µ be the tangent
vector along the null geodesic congruence (G¯µν k¯
µk¯ν = 0),
then the NEC (11) in f(R¯, L(X)) gravity is
R¯µν k¯
µk¯ν = T effµν k¯
µk¯ν ≥ 0. (72)
So, considering an additional condition [16] fL(R¯,L)
fR¯(R¯,L)
>
0, and the K-essence scalar field to be homogeneous i.e.,
φ(xi, t) ≡ φ(t) and using the perfect fluid energy mo-
mentum tensor (57), we have the SEC and NEC in the
f(R¯, L(X)) gravity are
SEC : ρ¯+ 3p¯− 2
fL
(f − FR¯) + 2L(1 + φ˙2)2 + 6
fL(1− φ˙2)
[
F¨ (1− 2
3
φ˙2) +HF˙ (1 − φ˙2 + 2
3
φ˙4)
]
≥ 0 (73)
NEC : ρ¯+ p¯+
2
fL
(F¨ −HF˙ φ˙2) ≥ 0 (74)
9where ρ¯ = ρ(1 + φ˙2) and p¯ = p(1 + φ˙2).
To evaluate effective density ρ¯eff and effective pressure
p¯eff in the K-essence emergent f(R¯, L(X)) gravity, we
consider two following equations
T effµν u¯
µu¯ν − 1
2
G¯µνT
eff u¯µu¯ν = ρ¯eff + 3p¯eff (75)
and
T effµν k¯
µk¯ν = ρ¯eff + p¯eff . (76)
Solving these equations (75) and (76) we get
ρ¯eff = ρ¯+
1
fL
(f − FR¯)− 6
fL(1 − φ˙2)
[
1
3
F¨ φ˙2 +HF˙ (1 − 1
3
φ˙4)
]
− L(1 + φ˙2)2 (77)
p¯eff = p¯− 1
fL
(f − FR¯) + 3
fL(1 − φ˙2)
[
1
3
F¨ (2− φ˙2) +HF˙ (1− 2
3
φ˙2 +
1
3
φ˙4)
]
+ L(1 + φ˙2)2. (78)
From the above equations (77) and (78), we have WEC and DEC respectively for the K-essence emergent
f(R¯, L(X)) gravity as
WEC : ρ¯+
1
fL
(f − FR¯)− 6
fL(1− φ˙2)
[
1
3
F¨ φ˙2 +HF˙ (1− 1
3
φ˙4)
]
− L(1 + φ˙2)2 ≥ 0 (79)
DEC : ρ¯− p¯+ 2
fL
(f − FR¯)− 2
fL(1− φ˙2)
[
F¨ (1 +
1
2
φ˙2) + 3HF˙ (
3
2
− 1
3
φ˙2 − 1
6
φ˙4)
]
− 2L(1 + φ˙2)2 ≥ 0. (80)
These energy conditions (73), (74), (79) and (80) of
the K-essence emergent f(R¯, L(X)) gravity are different
from the usual f(R,Lm)-gravity (13) and f(R)-gravity
(12) in the presence of the K-essence scalar field φ. Also
note that if we consider f(R¯, L(X)) ≡ R, then we can get
back to the usual energy conditions of GR i.e., SEC : ρ+
3p ≥ 0; NEC : ρ+p ≥ 0; WEC : ρ ≥ 0 and DEC : ρ ≥
|p|.
A. Constraints on the K-essence emergent
f(R¯, L(X))-gravity
The inequalities of the energy conditions (73), (74),
(79) and (80) can also be expressed in terms of of the
deceleration (q), jerk (j), and snap (s) parameters such
that the Ricci scalar and its derivatives for a spatially
flat K-essence emergent FLRW geometry (50) are
R¯ =
6
1− φ˙2
[
H˙ +H2(2− φ˙2)
]
=
6H2
1− φ˙2
[
1− q − φ˙2
]
(81)
˙¯R =
6
1− φ˙2
[
H¨ + 4HH˙(1− φ˙2)− 2H3φ˙2
]
=
6H3
1− φ˙2
[
(j − q − 2) + 2φ˙2(1− 2q)
]
(82)
¨¯R =
6
1− φ˙2 [(
...
H + 4H˙
2 + 4HH¨)
− 2φ˙2(2H˙2 + 3HH¨ − 2H4 + 3H2H˙]
=
6H4
1− φ˙2
[
(s+ q2 + 8q + 6)− 2φ˙2(3 + 3j + 10q + 2q2)
]
(83)
where [11, 16, 38–41]
q = − 1
H2
a¨
a
; j =
1
H3
...
a
a
; s =
1
H4
....
a
a
. (84)
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Now from equation (64) we evaluate the values of F˙ and
F¨ (using equation (51)) in terms of q, j, s as
F˙ =
6H3
1− φ˙2FR¯[(j − q − 2) + 2φ˙
2(1− 2q)]
− HFLLXX φ˙2(1− φ˙2) (85)
F¨ =
6H4
1− φ˙2FR¯
[
(s+ q2 + 8q + 6)− 2φ˙2(3 + 3j + 10q + 2q2)
]
+
36H6
(1− φ˙2)2FR¯R¯
[
(j − q − 2) + 2φ˙2(1− 2q)
]2
+ Hφ˙4(1− φ˙2)2 (FLLL2X + FLLXX)
− FLLX φ˙2(1− φ˙2)
[
H˙ − 2H2(1− 2φ˙2)
]
. (86)
Therefore, put these values of F˙ and F¨ in the energy
conditions (73), (74), (79) and (80), we have the energy
conditions in terms of q, j and s. We can easily check that
these energy conditions in terms of q, j and s are more
different from the f(R,Lm)-gravity [16] in the presence
of the K-essence scalar field φ.
B. Some examples of the energy conditions in
f(R¯, L(X))−gravity
Example-1: We consider one specific type of model [16]
in f(R¯, L(X))−gravity as
f(R¯, L(X)) = Λ exp
[
R¯
2Λ
+
L(X)
Λ
]
(87)
where Λ is an arbitrary positive constant. From the
above expression (87) of f(R¯, L(X)) we have
fL =
f
Λ
; F ≡ fR¯ =
f
2Λ
; FL =
f
2Λ2
;
FLL =
f
2Λ3
; FR¯ =
f
4Λ2
; FR¯R¯ =
f
8Λ3
F˙ =
f
4Λ2
( ˙¯R + L˙); F¨ =
f
8Λ3
[( ˙¯R+ 2L˙)2 + 2Λ( ¨¯R+ 2L¨)]. (88)
Using the expressions of (88), the energy conditions (73),
(74), (79) and (80) becomes
SEC : ρ¯+ 3p¯− (2Λ− R¯) + 2L(1 + φ˙2)2 + 6
1− φ˙2
[
1
8Λ2
(1 − 2
3
φ˙2)[( ˙¯R + 2L˙)2 + 2Λ( ¨¯R+ 2L¨)]
]
+
6
1− φ˙2
[
H
4Λ
( ˙¯R + 2L˙)(1− φ˙2 + 2
3
φ˙4)
]
≥ 0 (89)
NEC : ρ¯+ p¯+
1
2Λ
[
1
2Λ
( ˙¯R+ 2L˙)2 −Hφ˙2( ˙¯R+ 2L˙) + ( ¨¯R+ 2L¨)
]
≥ 0 (90)
WEC : ρ¯+ (2Λ− R¯)− L(1 + φ˙2)2 − 1
1− φ˙2
[
φ˙2
4Λ2
[( ˙¯R+ 2L˙)2 + 2Λ( ¨¯R+ 2L¨)] +
3H
2Λ
( ˙¯R+ 2L˙)(1 − 1
3
φ˙4)
]
≥ 0 (91)
DEC : ρ¯− p¯+ (2Λ− R¯)− 2L(1 + φ˙2)2 − 1
1− φ˙2
[
1
4Λ2
(1 +
1
2
φ˙2)[( ˙¯R + 2L˙)2 + 2Λ( ¨¯R+ 2L¨)]
]
+
1
1− φ˙2
[
3H
2Λ
( ˙¯R + 2L˙)(
3
2
− 1
3
φ˙2 − 1
6
φ˙4)
]
≥ 0 (92)
where (using (51))
L˙ = −HLX φ˙2(1− φ˙2) and L¨ = LXXH2φ˙4(1− φ˙2)2
−LXH˙φ˙2(1 − φ˙2) + 2LXH2φ˙2(1− φ˙2)(1 − 2φ˙2). (93)
Again, using the equations (81), (82) and (83), the
above energy conditions (89), (90), (91) and (92) also
can be easily written in terms of the deceleration (q),
jerk (j), and snap (s) parameters.
Example-2: Consider the another specific model in
f(R¯, L(X))−gravity as
f(R¯, L(X)) = R¯+ αR¯n + L(X) (94)
with α > 0 and n > 0. From (94) we have
fL = 1; F = 1 + αnR¯
n−1; F˙ = αn(n− 1)R¯n−2 ˙¯R;
F¨ = αn(n− 1)R¯n−2 ¨¯R+ αn(n− 1)(n− 2)R¯n−3( ˙¯R)2 (95)
Applying the above expressions (95) in equations (73),
(74), (79) and (80) we have the energy conditions for
this specific model (94) are
11
SEC : ρ¯+ 3p¯− 2 [f − (1 + αnR¯n−1)R¯]+ 2L(1 + φ˙2)2 + 6
1− φ˙2
[
αn(n− 1)[R¯n−2 ¨¯R+ (n− 2)R¯n−3( ˙¯R)2](1− 2
3
φ˙2)
]
+
6
1− φ˙2
[
Hαn(n− 1)R¯n−2 ˙¯R(1− φ˙2 + 2
3
φ˙4)
]
≥ 0 (96)
NEC : ρ¯+ p¯+ 2
[
αn(n− 1)[R¯n−2 ¨¯R+ (n− 2)R¯n−3( ˙¯R)2]−Hφ˙2[αn(n− 1)R¯n−2 ˙¯R]
]
≥ 0 (97)
WEC : ρ¯+
[
f − R¯(1 + αnR¯n−1)]− L(1 + φ˙2)2 − 6
1− φ˙2
[
1
3
φ˙2αn(n− 1)[R¯n−2 ¨¯R+ (n− 2)R¯n−3( ˙¯R)2]
]
+
6
1− φ˙2
[
H(1− 1
3
φ˙4)αn(n− 1)R¯n−2 ˙¯R
]
≥ 0 (98)
DEC : ρ¯− p¯+ 2 [f − (1 + αnR¯n−1)R¯]− 2L(1 + φ˙2)2 − 2
(1− φ˙2)
[
(1 +
1
2
φ˙2)αn(n− 1)[R¯n−2 ¨¯R+ (n− 2)R¯n−3( ˙¯R)2]
]
+
2
(1− φ˙2)
[
3H(
3
2
− 1
3
φ˙2 − 1
6
φ˙4)αn(n− 1)R¯n−2 ˙¯R
]
≥ 0. (99)
Again, if we put the values of R¯, ˙¯R and ¨¯R from (81),
(82) and (83) in the above equations (96), (97), (98) and
(99), we easily reconstruct the energy conditions in terms
of the deceleration (q), jerk (j), and snap (s) parameters.
If we consider n = 2 i.e., f(R¯, L(X)) = f(R¯) + L(X)
with f(R¯) = R¯ + αR¯2 being the Starobinsky Model
[5, 6] in the K-essence geometry, we get fL = 1; F =
1 + αnR¯; F˙ = 0; F¨ = αn(n − 1)(n − 2)R¯−1( ˙¯R)2. Put
these values in the basic energy conditions equations (73),
(74), (79) and (80) in the f(R¯, L(X)) gravity, then we
have the energy conditions for the K-essence emergent
Starobinsky Model.
VIII. CONCLUSION
In this work, we present a new type of modified the-
ory namely f(R¯, L(X))−gravity with robust formalism in
the context of the K-essence emergent geometry where
R¯ is the Ricci scalar of this geometry, L(X) is the DBI
type non-canonical Lagrangian with X = 12g
µν∇µφ∇νφ,
φ is the K-essence scalar field. The K-essence emer-
gent metric G¯µν is not conformally equivalent to the
gravitational metric gµν . This theory is very much in-
teresting from a purely gravitational theory standpoint,
rather than that in the cosmological context of dark en-
ergy whose very existence is still not beyond doubt [42],
based on the latest analysis of data from the Planck con-
sortium [43]. The modified field equation (40) is different
from the usual f(R) and f(R,Lm) gravities. If we con-
sider f(R¯, L(X)) ≡ R and G¯µν ≡ gµν then we can easily
get back to the standard Einstein field equation. The
effective functional relation for the requirement of the
conservation of the energy-momentum tensor is also dif-
ferent from the f(R,Lm)-gravity. We derive the modified
Friedmann equations for the f(R¯, L(X))-gravity consid-
ering the background gravitational metric as flat FLRW
and the K-essence scalar field φ being simply a function
of time only, which are more different from the Fried-
mann equations of the standard f(R) gravity.
This model can open up an alternative window to ex-
plore the current cosmic acceleration with or without a
stringent condition of invoking an exotic component of
the dark energy. If we consider the kinetic energy of
the K-essence scalar field (φ˙2) as the dark energy den-
sity [20–22, 35] in the unit of critical density, the theory
also may hold good for this purpose. However, the ar-
bitrariness in the choice of different functional forms of
f(R¯, L(X)) gives rise to the problem of how to constrain
the many possible f(R¯, L(X)) gravity theories on physi-
cal grounds. In this context, we have shed some light on
this question by discussing some constraints on general
f(R¯, L(X)) gravity from the so-called energy conditions.
Starting from the Raychaudhuri equations along with the
requirement that the gravity is attractive, we have de-
rived the null, strong, weak and dominant energy condi-
tions in the framework of the f(R¯, L(X)) gravity. With
the help of the two specific forms of f(R¯, L(X)), we also
have derived these energy conditions in the f(R¯, L(X))-
gravity. We intend to report on this interesting theory in
the near future encompassing the multifarious aspects of
Cosmology.
Acknowledgement: G.M. acknowledges the DSTB,
Government of West Bengal, India for financial support
through the Grants No.: 322(Sanc.)/ST/P/S&T/16G-
3/2018 dated 06.03.2019. The authors also thanks to Dr.
Pradipta Panchadhyayee, Associate Professor, Depart-
ment of Physics, Prabhat Kumar College, Contai, for his
valuable suggestions.
12
[1] H. Weyl, Ann. Phys. 59, 101, (1919)
[2] A. S. Eddington, Mathematical Theory of Relativity,
Cambridge University Press, Cambridge, (1923)
[3] Utiyama, R., and B. S. DeWitt, J. Math. Phys. 3, 608,
(1962).
[4] N. D. Birrell, and P. C. W. Davies, Quantum Fields in
Curved Spacetime, Cambridge University Press, Cam-
bridge, (1982)
[5] A. A. Starobinsky, Phys. Lett. B91, 99, (1980)
[6] Thomas P. Sotiriou and Valerio Faraoni, “f(R) theories
of gravity”, Rev. of Mod. Phys., 82, 451, (2010)
[7] Antonio De Felice and Shinji Tsujikawa, “f(R) Theo-
ries”, Living Rev. Relativity, 13, 3, (2010).
[8] Peter K. S. Dunsby et. al., “ ΛCDM universe in f(R)
gravity”, Physical Review D82, 023519 (2010)
[9] Ankan Mukherjee and Narayan Banerjee, “Acceleration
of the universe in f(R) gravity models”, Astrophys Space
Sci, (DOI 10.1007/s10509-014-1949-0), (2014)
[10] K. Atazadeh et. al., “Energy Conditions in f(R) Grav-
ity and Brans- Dicke Theories”, International Journal of
Modern Physics D18, 7, 1101, (2009)
[11] J. Santos et. al., “Energy conditions in f(R) gravity”,
Physical Review D76, 083513 (2007)
[12] S. Capozziello et. al., “The role of energy conditions in
f(R) cosmology, Physics Letters B 781, 99, (2018)
[13] Jun Wang et. al., ”Energy conditions and stability in gen-
eralized f(R) gravity with arbitrary coupling between mat-
ter and geometry“, Physics Letters B 689, 133, (2010)
[14] S.E. Perez Bergliaffa, “Constraining f(R) theories with
the energy conditions”, Physics Letters B 642, 311-314,
(2006)
[15] Tiberiu Harko and Francisco S.N. Lobo, “ f(R,Lm)-
Gravity”, Eur. Phys. J. C 70, 373379, (2010)
[16] Jun Wang and Kai Liao, “ Energy conditions in f(R,Lm)
gravity”, Class. Quantum Grav. 29, 215016, (2012)
[17] M.Born and L.Infeld, “Foundations of the new field the-
ory”, Proc. Roy. Soc. Lond A 144(1934) 425
[18] W.Heisenberg, Zeitschrift fur Physik A Hadrons and Nu-
clei 113 no.1-2 (1939)
[19] P.A.M.Dirac, “An Extensible Model of the Electron”,
Royal Society of London Proceedings Series A 268 (1962)
57.
[20] D.Gangopadhyay and Goutam Manna, “The Hawk-
ing temperature in the context of dark energy”,
Euro.Phys.Lett. 100 49001 (2012).
[21] Goutam Manna and Debashis Gangopadhyay, “The
Hawking temperature in the context of dark energy for
ReissnerNordstrom and Kerr background”, Eur. Phys. J.
C 74 2811 (2014).
[22] Goutam Manna and Bivash Majumder, “The Hawking
temperature in the context of dark energy for KerrNew-
man and KerrNewmanAdS backgrounds”, Eur. Phys. J.
C 79, 553, (2019).
[23] M.Visser,C.Barcelo and S.Liberati, “Analogue Models of
and for Gravity”, Gen.Rel.Grav. 34 1719 (2002)
[24] E.Babichev, V.Mukhanov and A.Vikman, “Escaping
from the black hole?”, JHEP 0609 (2006) 061
[25] E.Babichev,M.Mukhanov and A.Vikman, “k-Essence,
superluminal propagation, causality and emergent geom-
etry”, JHEP 0802 101 (2008)
[26] Alexander Vikman, K-essence: Cosmology, causality
and Emergent Geometry, Dissertation an der Fakultat
fur Physik,Arnold Sommerfeld Center for Theoretical
Physics, der Ludwig-Maximilians-Universitat Munchen,
Munchen, den 29.08.2007.
[27] E.Babichev, M.Mukhanov and A.Vikman, “Looking be-
yond the Horizon”, WSPC-Proceedings, October 23,
2008
[28] R.J. Scherrer, “Purely Kinetic k-Essence as Unified Dark
Matter”, Phys. Rev. Lett.93 011301 (2004)
[29] L.P.Chimento, “Extended tachyon field, Chaplygin gas,
and solvable k-essence cosmologies”, Phys. Rev.D69
123517 (2004)
[30] S. Nojiri et. al., “ k-essence f(R) gravity inflation”,
Niclear Physics B941, 11, (2019)
[31] R.M.Wald, in General Relativity, The Univ.Chicago
Press, (1984).
[32] C. Misner, Thorne, K. S., and J. Wheeler, Gravitation,
W.H. Freeman and Company, 1970.
[33] Tomi Koivisto, Class. Quantum Grav. 23 4289-4296,
(2006) [arXiv:gr-qc/0505128].
[34] T. Harko, “Modified gravity with arbitrary coupling be-
tween matter and geometry”, Physics LettersB 669, 376-
379, (2008)
[35] D.Gangopadhyay and G. Manna, “Cosmology in pres-
ence of dark energy in an emergent gravity scenario”,
arXiv:gr-qc/1502.06255.
[36] Matthias Blau, “Lecture Notes on General Relativity”,
[http://www.blau.itp.unibe.ch/GRLecturenotes.html],
(2020)
[37] Sean Carroll, “Spacetime and Geometry, An Introduc-
tion to General Relativity”, Addison Wesley, New York,
(2004)
[38] E. R. Harrison, “Observational tests in Cosmology”, Na-
ture (London) 260, 591 (1976)
[39] P. Landsberg, “Q in Cosmology”, Nature (London) 263,
217 (1976).
[40] M. Visser, “Jerk, snap and the cosmological equation of
state”, Classical Quantum Gravity 21, 2603 (2004)
[41] M. Visser, “Cosmography: Cosmology without the Ein-
stein equations”, Gen. Relativ. Gravit. 37, 1541 (2005)
[42] J T Nielsen, A Guffanti and S Sarkar, Marginal evidence
for cosmic acceleration from Type Ia supernovae, Sci.Rep.
6 (2016) 3559.
[43] Planck Collaboration : P R Ade et. al., Planck 2015 re-
sults. XX. Constraints on inflation , Astron. Astrophys.(
Inflation-driver : September 2017).
